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HOLOMORPHIC KOSZUL-BRYLINSKI HOMOLOGY
MATHIEU STIÉNON
Abstract. In this note, we study the Koszul-Brylinski homology of holomorphic
Poisson manifolds. We show that it is isomorphic to the cohomology of a certain
smooth complex Lie algebroid with values in the Evens-Lu-Weinstein duality module.
As a consequence, we prove that the Evens-Lu-Weinstein pairing on Koszul-Brylinski
homology is nondegenerate. Finally we compute the Koszul-Brylinski homology for
Poisson structures on CP1 × CP1.
1. Introduction
In [2], Brylinski introduced a homology theory for Poisson manifolds, which is nowa-
days called Koszul-Brylinski homology. Evens, Lu & Weinstein [7] and Xu [15] proved
independently that, for unimodular Poisson manifolds, the Koszul-Brylinski homology
is (up to a change of degree) isomorphic to the Lichnerowicz-Poisson cohomology [10].
And Evens, Lu & Weinstein introduced a pairing on Koszul-Brylinski homology groups.
In this note, we study the Koszul-Brylinski homology of holomorphic Poisson manifolds.
Koszul-Brylinski homology is defined as the hypercohomology of the complex of sheaves
· · · ∂π−→ Ωi+1X ∂π−→ ΩiX ∂π−→ Ωi−1X ∂π−→ · · · ,
where ∂π = iπ ◦∂−∂◦iπ . As is explained in [9], any holomorphic Poisson manifold gives
rise to a holomorphic Lie algebroid structure (TX)
∗
π on the holomorphic vector bundle
(TX)
∗, which in turn induces a complex Lie algebroid structure T 0,1X ⊲⊳ (T
1,0
X )
∗
π on the
complex vector bundle T 0,1X ⊕(T 1,0X )∗. We show that the cohomology of this complex Lie
algebroid with values in the Evens-Lu-Weinstein duality module is isomorphic to the
Koszul-Brylinski homology. As a consequence, we prove that the Evens-Lu-Weinstein
pairing on Koszul-Brylinski homology is nondegenerate. We also introduce the Euler
characteristic for the Koszul-Brylinski homology of a Poisson manifold and show that it
coincides with the signed Euler characteristic of the manifold. Finally we compute the
Koszul-Brylinski homology for Poisson structures on CP1×CP1. We refer the reader to
the works of Etingof & Ginzburg [6] and Pichereau [13] for more on the Koszul-Brylinski
homology of algebraic Poisson varieties.
2. Holomorphic Lie algebroid cohomology
Let A be a holomorphic Lie algebroid over a complex manifold X: i.e. A → X is a
holomorphic vector bundle whose sheaf of holomorphic sections A is endowed with a
1
Lie bracket [·, ·] : A × A → A, and there exists a holomorphic bundle map A a−→ TX ,
called anchor, which induces a morphism of sheaves of OX -modules A a−→ ΘX such that
a([s1, s2]) = [a(s1), a(s2)], ∀s1, s2 ∈ A; (1)
[s1, fs2] =
(
a(s1)f
)
s2 + f [s1, s2], ∀s1, s2 ∈ A, f ∈ OX . (2)
This holomorphic Lie algebroid structure gives rise to a complex of sheaves:
· · · dA−→ Ωk−1A
dA−→ ΩkA dA−→ Ωk+1A
dA−→ · · · ,
where ΩkA stands for the sheaf of holomorphic sections of the holomorphic vector bundle
∧kA∗, and dA is given by the usual Cartan formula. By definition [7,9], the holomorphic
Lie algebroid cohomology of A (with trivial coefficients) is the hypercohomology of this
complex of sheaves:
H∗(A,C) := H∗(X,Ω•A).
A holomorphic vector bundle E → X (with sheaf of holomorphic functions E) is said
to be a module over the holomorphic Lie algebroid A, if there is a morphism of sheaves
(of C-modules)
A⊗ E → E : V ⊗ s 7→ ∇V s
such that, for any open subset U ⊂ X, the relations
∇fV s = f∇V s
∇V (fs) =
(
ρ(V )f
)
s+ f∇V s
∇V∇W s−∇W∇V s = ∇[V,W ]s
are satisfied ∀f ∈ OX(U), ∀V,W ∈ A(U) and ∀s ∈ E(U). Such a morphism ∇ is called
a representation of A on E. Given an A-module E → X, one can form the complex of
sheaves
· · · d
∇
A−→ Ωk−1A ⊗OX E
d∇A−→ ΩkA ⊗OX E
d∇A−→ Ωk+1A ⊗OX E
d∇A−→ · · · . (3)
By definition, the Lie algebroid cohomology of A with values in E is the hypercoho-
mology of this complex of sheaves:
H∗(A,E) := H∗(X,Ω•A ⊗OX E).
Given a holomorphic Lie algebroid A with anchor a, we define a1,0 = 1−iJ
2
◦a : A→ TCX.
Here J stands for the almost complex structure J : TX → TX of the complex manifold
X. Of course, for any holomorphic function f ∈ OX(U), we have a1,0(V )f = a(V )f ,
for all V ∈ Γ(U,A). Now regard A as a complex vector bundle. The Lie bracket, which
was defined so far only on the sheaf of holomorphic sections of A, extends naturally to
all smooth sections through the Leibniz rule
[s1, fs2] =
(
a1,0(s1)f
)
s2 + f [s1, s2], ∀s1, s2 ∈ Γ(A), f ∈ C∞(X,C),
with a1,0 substituted to a. We use the symbol A1,0 to denote the resulting complex Lie
algebroid structure on A [9].
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Now recall that the complex vector bundle T 0,1X is endowed with a canonical complex
Lie algebroid structure whose Lie bracket is completely determined by the relation
[∂zj , ∂zk ] = 0 and the anchor, which is simply the injection T
0,1
X →֒ TX ⊗ C.
Proposition 2.1 ([9, Theorems 4.2 and 4.8]). If A is a holomorphic vector bundle
with anchor a over a complex manifold X, there exists a unique complex Lie algebroid
structure on the complex vector bundle T 0,1X ⊕ A1,0 with anchor a⊲⊳(X0,1 + ξ) = X0,1 +
a1,0(ξ) such that [ΘX ,A] = 0 and both T 0,1X and A1,0 are Lie subalgebroids.
This complex Lie algebroid is denoted T 0,1X ⊲⊳ A
1,0. The pair (T 0,1X , A
1,0) is an example
of matched pair [9, 11, 12].
Theorem 2.2 ([9, Lemma 4.16 and Theorem 4.19]). Let A → X be a holomorphic
Lie algebroid and E → X a complex vector bundle. Then E is a module over the
holomorphic Lie algebroid A if, and only if, E is a module over the complex Lie algebroid
T
0,1
X ⊲⊳ A
1,0. Moreover, we have
H∗(A,E) ∼= H∗(T 0,1X ⊲⊳ A1,0, E).
Note that the complex Lie algebroid T 0,1X ⊲⊳ A
1,0 is an elliptic Lie algebroid in the
sense of Block [1]. That is, ℜ ◦ a⊲⊳ is surjective. Therefore, when X is compact, the
cohomology groups H∗(T 0,1X ⊲⊳ A
1,0, E) are finite dimensional and we can consider the
Euler characteristic
χ(A,E) =
∑
i
(−1)i dimH i(A,E). (4)
Proposition 2.3. Let A → X be a holomorphic Lie algebroid and E an A-module.
Assume that X is compact. Then
χ(A,E) =
∑
i
(−1)iχ(X,∧iA∗ ⊗ E),
where χ(X,∧iA∗ ⊗E) is the Euler characteristic of the holomorphic bundle ∧iA∗ ⊗E.
Proof. By definition, H∗(A,E) is isomorphic to the hypercohomology H∗(X,Ω•A⊗OX E)
of the complex of sheaves (3), which, according to Theorem 2.2, is computed by the
total cohomology Hn(T 0,1X ⊲⊳ A
1,0, E) of the double complex
...
...
...
Ω0,0X ⊗C∞X A 2,0
d∇
A1,0
OO
∂ // Ω0,1X ⊗C∞X A 2,0
d∇
A1,0
OO
∂ // Ω0,2X ⊗C∞X A 2,0
d∇
A1,0
OO
∂ // · · ·
Ω0,0X ⊗C∞X A 1,0
d∇
A1,0
OO
∂ // Ω0,1X ⊗C∞X A 1,0
d∇
A1,0
OO
∂ // Ω0,2X ⊗C∞X A 1,0
d∇
A1,0
OO
∂ // · · ·
Ω0,0X ⊗C∞X A 0,0
d∇
A1,0
OO
∂ // Ω0,1X ⊗C∞X A 0,0
d∇
A1,0
OO
∂ // Ω0,2X ⊗C∞X A 0,0
d∇
A1,0
OO
∂ // · · ·
3
where Ωi,jX = Γ(∧iT 1,0X ⊗ ∧jT 0,1X ) and A k,l = Γ(∧k(A1,0)∗ ⊗ ∧l(A0,1)∗ ⊗E).
Set Cp,q = Ω0,pX ⊗C∞X A q,0 and Cn =
⊕
p+q=nC
p,q. The spectral sequence induced
by the filtration Fq(C
n) =
⊕
q˜≥q
p˜+q˜=n
C p˜,q˜ of C• starts with Ep,q0 = C
p,q, dp,q0 = ∂ and
E
p,q
1 = H
p(C•,q, ∂), and converges to Hn(T 0,1X ⊲⊳ A
1,0, E).
Since the Euler characteristic of Ep,qr does not change from one sheet to the next, we
have
χ(A,E) =
∑
n
(−1)n dimHn(A,E)
=
∑
n
(−1)n dimHn(T 0,1X ⊲⊳ A1,0, E)
=
∑
n
(−1)n dim ( ⊕
p+q=n
Ep,q∞
)
=
∑
n
(−1)n dim ( ⊕
p+q=n
E
p,q
1
)
=
∑
n
(−1)n dim ( ⊕
p+q=n
Hp(C•,q, ∂)
)
=
∑
q
(−1)q(∑
p
(−1)p dimHp(C•,q, ∂))
=
∑
q
(−1)qχ(X,∧qA∗ ⊗E). 
3. Holomorphic Poisson manifolds
A holomorphic Poisson manifold is a complex manifold X whose sheaf of holomorphic
funcions OX is a sheaf of Poisson algebras. By a sheaf of Poisson algebras over X, we
mean that, for each open subset U ⊂ X, the ring OX(U) is endowed with a Poisson
bracket such that all restriction maps OX(U) → OX(V ) (for arbitrary open subsets
V ⊂ V ⊂ X) are morphisms of Poisson algebras. Moreover, given an open subset
U ⊂ X, an open covering {Ui}i∈I of U , and a pair of functions f, g ∈ OX(U), the local
data {f |Ui, g|Ui} (i ∈ I) glue up and give {f |U , g|U)} if they coincide on the overlaps
Ui ∩ Uj . On a given complex manifold X, the holomorphic Poisson structures are
in one-to-one correspondence with the sections π ∈ Γ(∧2T 1,0X ) such that ∂π = 0 and
[π, π] = 0. The Poisson bracket on functions and the bivector field are related by the
formula π(∂f, ∂g) = {f, g}, where f, g ∈ OX .
Given a holomorphic Poisson bracket
OX ⊗C OX → OX : (f, g) 7→ {f, g},
the formula
[f1 dg1, f2 dg2] = f1Xg1(f2) dg2 − f2Xg2(f1) dg1 + f1f2 d{g1, g2}, (5)
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where f1, f2, g1, g2 ∈ OX , defines a Lie bracket on ΩX . Here Xf ∈ ΘX denotes the
derivation
Xf : OX → OX : g 7→ {f, g}
ofOX associated to the holomorphic function f ∈ OX . Since Γ((T 1,0X )∗) = C∞(X,C)ΩX ,
the bracket on ΩX extends to Γ((T
1,0
X )
∗) by the Leibniz rule:
[fdzk, gdzl] = fXzk(g)dzl − gXzl(f)dzk + fg d{zk, zl},
for all f, g ∈ C∞(X,C). If the bivector field associated to the Poisson bracket on OX
is π ∈ Θ2X ⊂ Γ(∧2T 1,0X ), then the Lie bracket is given by
[α, β] = Lπ♯αβ − Lπ♯βα− ∂(π(α, β)), ∀α, β ∈ Γ((T 1,0X )∗).
Once its sheaf of sections ΩX has been endowed with this Lie bracket, the cotangent
bundle (TX)
∗ becomes a holomorphic Lie algebroid with anchor map π♯ : (TX)
∗ → TX ,
which we refer to by the symbol (TX)
∗
π. By Proposition 2.1, we can associate to it the
complex Lie algebroid T 0,1X ⊲⊳ (T
1,0
X )
∗
π.
The complex Lie algebroid structure on T 0,1X ⊲⊳ (T
1,0
X )
∗
π is characterized as follows: the
anchor is idT 0,1X
⊕π♯ : T 0,1X ⊕ (T 1,0X )∗ → TX ⊗C, and the Lie bracket on Γ(T 0,1X ⊲⊳ (T 1,0X )∗π)
satisfies [ΘX ,ΩX ] = 0, coincides with the Lie bracket of vector fields on ΘX and with
the bracket defined by (5) on ΩX [9].
4. Holomorphic Koszul-Brylinski homology
Let ΘkX and Ω
k
X denote the sheaves of holomorphic sections of ∧kTX and ∧k(TX)∗,
respectively.
The Koszul-Brylinski operator ∂π : Ω
k
X → Ωk−1X is defined as ∂π := ιπ∂ − ∂ιπ, where
∂ : ΩkX → Ωk+1X is the holomorphic exterior differential (i.e. the Dolbeault operator)
and ιπ : Ω
k
X → Ωk−2X is the contraction with the holomorphic Poisson bivector field π
[2, 8]. The operator ∂π satisfies ∂
2
π = 0, ∂πd+ d∂π = 0, and
∂π(α ∧ β) = ∂πα ∧ β + (−1)kα ∧ ∂πβ + (−1)k[α, β], ∀α ∈ ΩkX , β ∈ ΩlX .
Definition 4.1. Let (X, π) be a holomorphic Poisson manifold. Its Koszul-Brylinski
homology is the hypercohomology of the complex of sheaves
· · · ∂π−→ Ωk+1X ∂π−→ ΩkX ∂π−→ Ωk−1X ∂π−→ · · · (6)
which is denoted H∗(X, π).
Remark 4.2. If π = 0, we have Hk(X, π) ∼=
⊕
j−i=n−kH
j(X,ΩiX).
As was pointed out earlier, a holomorphic Poisson manifold (X, π) automatically gives
rise to a holomorphic Lie algebroid structure (TX)
∗
π. The Lichnerowicz-Poisson co-
homology H∗(X, π;E) of (X, π) with coefficients in a (TX)
∗
π-module E is defined to
be the Lie algebroid cohomology of (TX)
∗
π with coefficients in the module E, i.e. the
hypercohomology of the complex of sheaves
· · · d
∇
π−→ Θk−1X ⊗OX E
d∇π−→ ΘkX ⊗OX E
d∇π−→ Θk+1X ⊗OX E
d∇π−→ · · · .
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In particular, when E is the trivial module X × C → X, the associated differential
complex is
· · · dπ−→ Θk−1X dπ−→ ΘkX dπ−→ Θk+1X dπ−→ · · · .
One has dπV = [π, V ]. The hypercohomology of this complex of sheaves is the holomor-
phic Lichnerowicz-Poisson cohomology H∗(X, π) of the holomorphic Poisson manifold
(X, π) [9].
Assuming X compact, let
χLP (X, π;E) =
∑
i
(−1)i dimH i(X, π;E) (7)
be the Euler characteristic of the Lichnerowicz-Poisson cohomology H∗(X, π;E).
Proposition 4.3. If (X, π) is a compact holomorphic Poisson manifold, then
χLP (X, π;E) =
∑
i
(−1)iχ(X,∧iTX ⊗E),
where χ(X,∧iTX ⊗ E) stands for the usual Euler characteristic of the holomorphic
bundle ∧iTX ⊗ E.
Proof. By definition, we have Hk(X, π;E) = Hk((TX)
∗
π,∧n(TX)∗), whence
χLP (X, π;E) = χ((TX)
∗
π,∧n(TX)∗).
Therefore, it suffices to apply Proposition 2.3 to the Lie algebroid A = (TX)
∗
π and its
module E = ∧n(TX)∗ to conclude. 
A result of Evens, Lu & Weinstein (transposed to the holomorphic setting) asserts
that, if A → X is a holomorphic Lie algebroid with dimCX = n and rkCA = r, the
holomorphic vector bundle QA = ∧rA⊗ ∧n(TX)∗ is naturally a module over A. When
the holomorphic Lie algebroid A is the cotangent bundle (TX)
∗
π of a holomorphic Poisson
manifold (X, π), we have QA = ∧n(TX)∗ ⊗ ∧n(TX)∗. Its square root
√
QA = ∧n(TX)∗
is also an A-module; the representation is the map
ΩX ⊗ ΩnX → ΩnX : α⊗ ω 7→ ∇αω
such that ∇dfω = LXfω, for all f ∈ OX and ω ∈ ΩnX . Here ΩX and ΩnX are the
sheaves of holomorphic sections of (TX)
∗ and ∧n(TX)∗ respectively. Hence, we obtain
the complex of sheaves
· · · d
∇
π−→ Θk−1X ⊗OX ΩnX
d∇π−→ ΘkX ⊗OX ΩnX
d∇π−→ Θk+1X ⊗OX ΩnX
d∇π−→ · · · . (8)
An argument of Evens, Lu & Weinstein (see [7, Equation (22)]) adapted to the holo-
morphic context shows that the isomorphism of sheaves of OX -modules
τ : ΘkX ⊗OX ΩnX → Ωn−kX : X ⊗ α 7→ ιXα
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is in fact an isomorphism between the complexes of sheaves (8) and (6):
ΩnX //
id

· · · // ΘkX ⊗OX ΩnX
d∇π //
τ

Θk+1X ⊗OX ΩnX //
τ

· · · // ΘnX ⊗OX ΩnX
τ

ΩnX // · · · // Ωn−kX (−1)k+1∂π
// Ωn−k−1X
// · · · // Ω0X
(9)
This isomorphism of complexes of sheaves induces an isomorphism of the corresponding
sheaf cohomologies. Thus we obtain the following theorem, which is a holomorphic
analogue of a result of Evens, Lu & Weinstein [7, Corollary 4.6].
Theorem 4.4. For any holomorphic Poisson manifold (X, π), the chain map τ induces
an isomorphism
Hk
(
X, π;∧n(TX)∗
) ∼=−→ H2n−k(X, π).
Assume that (X, π) is a compact holomorphic Poisson manifold. Let
χKB(X, π) =
∑
i
(−1)i dimHi(X, π) (10)
be the Euler characteristic of the Koszul-Brylinski homology.
Theorem 4.5. For a compact holomorphic Poisson manifold (X, π), we have
χKB(X, π) = (−1)nχ(X),
where χ(X) denotes the standard Euler characteristic of X.
Proof. We have
χKB(X, π) = χ
LP (X, π;∧n(TX)∗) by Theorem 4.4
=
∑
i
(−1)iχ(X,∧iTX ⊗ ∧n(TX)∗) by Proposition 4.3
= (−1)n
∑
j
(−1)jχ(X,∧j(TX)∗)
= (−1)nχ(TX ,C) by Proposition 2.3.
Of course, since Ω•X
∂−→ Ω•+1X and Γ(∧•(TX ⊗ C)∗) d−→ Γ(∧•+1(TX ⊗ C)∗) are two acyclic
resolutions of the locally constant sheaf C over X, we have
χ(TX ,C) =
∑
i
(−1)i dimH i(Γ(Ω•X) ∂−→ Γ(Ω•+1X ))
=
∑
i
(−1)i dimH i(Γ(∧•(TX ⊗ C)∗) d−→ Γ(∧•+1(TX ⊗ C)∗)) = χ(X). 
Definition 4.6. A holomorphic Poisson manifold (X, π) is said to be unimodular if
∧n(TX)∗ is isomorphic, as a (TX)∗π-module, to the trivial module C.
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The notion of modular class was introduced independently by Brylinski & Zuckerman [3]
for holomorphic Poisson manifolds, and byWeinstein [14] for real Poisson manifolds. For
the relation between Calabi-Yau algebras and unimodular Poisson structures, see [4].
From the definition, it is clear that a holomorphic Poisson manifold (X, π) is unimodular
if and only if there exists a global holomorphic section ω ∈ ΩnX such that the vector
field H ∈ ΘX defined by
∇dfω = LXfω = H(f) · ω (f ∈ OX)
is a holomorphic Hamiltonian vector field.
Proposition 4.7. For a unimodular holomorphic Poisson manifold (X, π), the chain
map τ induces an isomorphism
Hk(X, π)
∼=−→ H2n−k(X, π).
5. Koszul-Brylinski double complex
In this section, we describe a double complex computing the Koszul-Brylinski homo-
mology.
Theorem 5.1. The Koszul-Brylinski homology of a holomorphic Poisson manifold
(X, π) is isomorphic to the total cohomology of the double complex
· · · // Ωn−k+1,0X
∂

(−1)k∂π// Ωn−k,0X
∂

(−1)k+1∂π// Ωn−k−1,0X
∂

// · · ·
· · · // Ωn−k+1,1X
∂

(−1)1+k∂π// Ωn−k,1X
∂

(−1)1+k+1∂π// Ωn−k−1,1X
∂

// · · ·
· · · // Ωn−k+1,2X
∂

(−1)2+k∂π// Ωn−k,2X
∂

(−1)2+k+1∂π// Ωn−k−1,2X
∂

// · · ·
...
...
...
Proof. According to Theorem 2.2, we have
H∗(X, π) ∼= H∗(T 0,1X ⊲⊳ (T 1,0X )∗π,∧n(T 1,0X )∗).
The r.h.s. is the Lie algebroid cohomology of T 0,1X ⊲⊳ (T
1,0
X )
∗
π with coefficients in the
module ∧n(T 1,0X )∗. Moreover, the representation of the complex Lie algebroid T 0,1X ⊲⊳
(T 1,0X )
∗
π on ∧n(T 1,0X )∗ is the map
Γ(T 0,1X ⊕ (T 1,0X )∗)⊗ Γ(∧n(T 1,0X )∗)→ Γ(∧n(T 1,0X )∗) : (X + ξ, ω) 7→ ∇X+ξω
defined by
∇∂zk (f dz1 ∧ · · · ∧ dzn) =
∂f
∂zk
dz1 ∧ · · · ∧ dzn
∇dzl(f dz1 ∧ · · · ∧ dzn) = LXzl (f dz1 ∧ · · · ∧ dzn)
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(for all f ∈ C∞(X,C)).
Consider the complex
Γ
(
∧m (T 0,1X ⊕ (T 1,0X )∗)∗ ⊗∧n(T 1,0X )∗) d∇⊲⊳−→ Γ( ∧m+1 (T 0,1X ⊕ (T 1,0X )∗)∗ ⊗∧n(T 1,0X )∗) (11)
Set Ck,l = ∧k(T 0,1X )∗ ⊗ ∧lT 1,0X ⊗ ∧n(T 1,0X )∗ so that
∧m(T 0,1X ⊕ (T 1,0X )∗)∗ ⊗ ∧n(T 1,0X )∗ = ⊕
k+l=m
Ck,l.
Since A := T 0,1X and B := (T
1,0
X )
∗
π are complex Lie subalgebroids of T
0,1
X ⊲⊳ (T
1,0
X )
∗
π, one
has
d∇⊲⊳Γ(C
k,l) ⊂ Γ(Ck+1,l ⊕ Ck,l+1).
Composing d∇⊲⊳ with the natural projections on each of the direct summands, we get the
commutative diagram
Γ(Ck,l)
d∇⊲⊳

∂∇A
vvmmm
mm
mm
mm
mm
mm (−1)k∂∇B
((QQ
QQ
QQ
QQ
QQ
QQ
Q
Γ(Ck+1,l) Γ(Ck+1,l ⊕ Ck,l+1)oo // Γ(Ck,l+1),
where the operators ∂∇A and ∂
∇
B are given by(
∂∇Aα
)
(A0, . . . , Ak, B1, . . . , Bl)
=
k∑
i=0
(−1)i
(
∇Ai(α(A0, . . . , Âi, . . . , Ak, B1, . . . , Bl))
−
l∑
j=1
α(A0, . . . , Âi, . . . , Ak, B1, . . . , prB[Ai, Bj], . . . , Bl)
)
+
∑
i<j
(−1)i+jα([Ai, Aj], A0, . . . , Âi, . . . , Âj , . . . , Ak, B1, . . . , Bl)
(12)
and (
∂∇Bα
)
(A1, . . . , Ak, B0, . . . , Bl)
=
l∑
i=0
(−1)i
(
∇Bi(α(A1, . . . , Ak, B0, . . . , B̂i, . . . , Bl))
−
k∑
j=1
α(A1, . . . , prA[Bi, Aj ], . . . , Ak, B0, . . . , B̂i, . . . , Bl)
)
+
∑
i<j
(−1)i+jα(A1, . . . , Ak, [Bi, Bj], B0, . . . , B̂i, . . . , B̂j , . . . , Bl),
(13)
for all α ∈ Γ(∧kA∗⊗∧lB∗), A0, . . . , Ak ∈ Γ(A) and B0, . . . , Bk ∈ Γ(B). Here prB[Ai, Bj]
denotes the B-component of [Ai, Bj] ∈ A ⊲⊳ B and prA[Bi, Aj] the A-component of
[Bi, Aj].
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Since d∇⊲⊳ = ∂
∇
A + (−1)k∂∇B , it follows from (d∇⊲⊳)2 = 0 that (∂∇A )2 = 0, (∂∇B )2 = 0 and
∂∇A ◦ ∂∇B = ∂∇B ◦ ∂∇A . Thus the complex (11) is the total complex of the double complex
Γ(Ck,l)
∂∇B //
∂∇A

Γ(Ck,l+1)
∂∇A

Γ(Ck+1,l)
∂∇B
// Γ(Ck+1,l+1)
Hence it follows that H∗(T 0,1X ⊲⊳ (T
1,0
X )
∗
π,∧n(T 1,0X )∗) is isomorphic to the total cohomol-
ogy of the double complex
Γ(∧i(T 0,1X )∗ ⊗ ∧j(T 1,0X )⊗ ∧n(T 1,0X )∗)
∂∇B //
∂∇A

Γ(∧i(T 0,1X )∗ ⊗ ∧j+1(T 1,0X )⊗ ∧n(T 1,0X )∗)
∂∇A

Γ(∧i+1(T 0,1X )∗ ⊗ ∧j(T 1,0X )⊗ ∧n(T 1,0X )∗) ∂∇B
// Γ(∧i+1(T 0,1X )∗ ⊗ ∧j+1(T 1,0X )⊗ ∧n(T 1,0X )∗)
By τ we denote the natural contraction map
τ : Γ((∧i(T 0,1X )∗ ⊗ ∧j(T 1,0X ))∗ ⊗ ∧n(T 1,0X )∗)→ Ωn−j,i, (14)
which is an isomorphism of C∞(X,C)-modules.
Take a local holomorphic chart (U ; z1, . . . , zn) of X, and set
b = ∂zj1 ∧ · · · ∧ ∂zjl ;
ω = dz1 ∧ · · · ∧ dzn.
Because of (9), we have
τd∇π (b⊗ ω) = (−1)l+1∂πτ(b⊗ ω). (15)
Lemma 5.2. For all f ∈ C∞(X,C), b ∈ ΘkX and µ ∈ ΩlX , we have:
dπ(fb) = −(π♯∂f) ∧ b+ f(dπb),
∂π(fµ) = (π
♯∂f) µ+ f(∂πµ).
As a consequence, we have
Proposition 5.3.
τ ◦ ∂∇A = ∂ ◦ τ (16)
τ ◦ ∂∇B = (−1)k+l+1∂π ◦ τ (17)
Proof. The first relation (16) is a simple consequence of the definition (12) of ∂∇A , while
the second (17) follows from (13), (15) and Lemma 5.2. 
Now the conclusion of the theorem follows immediately. 
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6. Evens-Lu-Weinstein duality
We recall a remarkable duality construction due to Evens, Lu & Weinstein [7].
Consider a compact complex (and therefore orientable) manifold X with dimCX = n,
a complex Lie algebroid B over X with rkCB = r and a module E over B. The
complex dual E∗ is also a module over B. We will use the symbol ∇ to denote the
representations of B on both E and E∗.
The complex vector bundle QB = ∧rB ⊗ ∧2n(TX ⊗ C)∗ is a module over the complex
Lie algebroid B with representation D : Γ(QB)→ Γ(B∗ ⊗QB) [7] given by
Db(X ⊗ µ) = [b,X ]⊗ µ+X ⊗ Lρ(b)µ,
for all b ∈ Γ(B), X ∈ Γ(∧rB) and µ ∈ Γ(∧2n(TX ⊗ C)∗).
By H∗(B,E) and H∗(B,E∗ ⊗QB), we denote the Lie algebroid cohomology of B with
coefficients in E and E∗ ⊗ QB, respectively. We use the notation d∇B to denote their
coboundary differential operators in both cases. Let Ξ be the isomorphism of vector
bundles:
Ξ : ∧rB∗ ⊗ (∧rB ⊗ ∧2n(TX ⊗ C)∗)→ ∧2n(TX ⊗ C)∗ : ξ ⊗ (X ⊗ µ) 7→ (ξ X)µ.
The following lemma can be verified by a direct computation.
Lemma 6.1. We have
Ξ ◦ d∇B
(
ξ ⊗ (X ⊗ µ)) = (−1)r−1d(ρ(ξ X) µ),
for any ξ ⊗ (X ⊗ µ) ∈ Γ(∧r−1B∗ ⊗QB)
Consider the bilinear map
*·, ·+ : Γ(∧kB∗ ⊗E)⊗ Γ(∧r−kB∗ ⊗ E∗ ⊗QB)→ Γ(∧2n(TX ⊗ C)∗)
defined by
*ξ1 ⊗ e, ξ2 ⊗ ǫ⊗ (X ⊗ µ)+ = ǫ(e) · (ξ1 ∧ ξ2)(X) · µ.
Lemma 6.2. If ξ1⊗ e ∈ Γ(∧k−1B∗⊗E) and ξ2⊗ ǫ⊗ (X ⊗µ) ∈ Γ(∧r−kB∗⊗E∗⊗QB),
then
* d∇B(ξ1 ⊗ e), ξ2 ⊗ ǫ⊗ (X ⊗ µ) + +(−1)r−1 * ξ1 ⊗ e, d∇B
(
ξ2 ⊗ ǫ⊗ (X ⊗ µ)
)
+
= Ξ ◦ d∇B
(
ǫ(e) · ξ ⊗ (X ⊗ µ)) = (−1)r−1d(ǫ(e) · ρ(ξ X) µ).
Therefore, by Stokes’ theorem, the pairing
〈α, β〉 =
∫
X
*α, β+
where α ∈ Γ(∧kB∗ ⊗E) and β ∈ Γ(∧r−kB∗ ⊗ E∗ ⊗QB) satisfies
〈d∇B(α), β〉+ (−1)r−1〈α, d∇B(β)〉 = 0
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(where α ∈ Γ(∧k−1B∗ ⊗E) and β ∈ Γ(∧r−kB∗⊗E∗⊗QB)) and thus induces a pairing
at the cohomology level [7]:
〈·, ·〉 : Hk(B,E)⊗Hr−k(B,E∗ ⊗QB)→ C. (18)
The following is due to Block [1].
Proposition 6.3. If B is an elliptic Lie algebroid, the cohomology pairing (18) is
perfect.
Given a holomorphic Poisson manifold (X, π), we can take B = T 0,1X ⊲⊳ (T
1,0
X )
∗
π. Then
Q
1
2
B = ∧n(T 1,0X )∗ and, taking E = Q
1
2
B, we have E = ∧n(T 1,0X )∗ and E∗⊗QB = ∧n(T 1,0X )∗.
In this particular case, we get the cohomology pairing
〈·, ·〉 : Hk(T 0,1X ⊲⊳ (T 1,0X )∗π,∧n(T 1,0X )∗)⊗H2n−k(T 0,1X ⊲⊳ (T 1,0X )∗π,∧n(T 1,0X )∗)→ C,
If we identify the cochain group
⊕
k,l C
k,l with
⊕
p,q Ω
p,q
X via the contraction map τ (see
Equation (14)), then a straightforward (though lengthy) computation shows that, on
the cochain level, the above cohomology pairing is given by
Ωi,jX ⊗ Ωk,lX → C : ζ ⊗ η 7→
∫
X
(ζ ∧ η)top.
We have proved the following theorem.
Theorem 6.4. Let (X, π) be a compact holomorphic Poisson manifold. The pairing
〈·, ·〉 : H2n−k(X, π)⊗Hk(X, π)→ C : [ζ ]⊗ [η] 7→
∫
X
(ζ ∧ η)top
(where ζ, η ∈ ⊕k,lΩk,lX ) is nondegenerate.
Remark 6.5. When X is a compact complex manifold considered as a zero Poisson
manifold, then Hk(X, π) ∼= ⊕j−i=n−kH i,j(X). The above theorem easily follows from
Serre duality.
7. Examples
The purpose of this section is the computation of the Koszul-Brylinski Poisson homology
of all Poisson structures with which CP1 × CP1 can be endowed.
From now on, X will denote the complex manifold CP1×CP1. Since X is 2-dimensional,
all holomorphic bivector fields on it are automatically Poisson tensors. Thus the Poisson
tensors on X form the complex vector space H0(X,∧2TX), which is know to be 9-
dimensional. Here is a more explicit description of H0(X,∧2TX).
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Proposition 7.1. [5] Let P 2,2 denote the 9-dimensional vector space of all bihomoge-
neous polynomials on C2 × C2 of bidegree (2, 2). Given any p ∈ P 2,2, there exists a
unique holomorphic bivector field πp on X = CP
1 × CP1 such that, in an affine chart
(z1, z2) 7→ ([1 : z1], [1 : z2]) of CP1 × CP1, we have
πp = q(z1, z2) ∂z2 ∧ ∂z1 ,
where q(z1, z2) = p
(
(1, z1), (1, z2)
)
. The map
p ∈ P 2,2 7−→ πp ∈ H0(X,∧2TX)
is an isomorphism of complex vector spaces. As a consequence, the space of all holo-
morphic Poisson bivector fields is a 9-dimensional vector space over C.
Theorem 7.2. For any holomorphic Poisson bivector field π on X = CP1 × CP1, we
have
H0(X, π) = 0, H1(X, π) = 0, H2(X, π) ∼= C4, H3(X, π) = 0, H4(X, π) = 0.
Proof. Let us first assume that π = 0. In this case, Hk(X, π) = ⊕j−i=2−kH i,j(X) and
we obtain
H0(X, π) = H
0,2(X) = 0, H1(X, π) = H
1,2(X)⊕H0,1(X) = 0,
H3(X, π) = H
2,0(X) = 0, H4(X, π) = H
2,1(X)⊕H1,0(X) = 0,
and
H2(X, π) = H
0,0(X)⊕H1,1(X)⊕H2,2(X) ∼= C4.
Now let us assume that π 6= 0. By definition, H0(X, π) consists of those α ∈ Ω2,0X such
that ∂α = 0 and ∂πα = 0. The first condition means that α is a holomorphic 2-form on
X. Since H0(X,Ω2X) = H
0,2(X) = H0,2(CP1 × CP1) = 0, it follows that H0(X, π) = 0.
We now proceed to compute H1(X, π). Assume that θ + ω ∈ Ω1,0 ⊕ Ω2,1 is a Koszul-
Brylinski 1-cycle. That is, ∂πθ + ∂θ + ∂πω + ∂ω = 0. Hence it follows that ∂πθ = 0,
∂θ+∂πω = 0 and ∂ω = 0. SinceH
1,2(CP1×CP1) = 0, there exists β ∈ Ω2,0X with ω = ∂β.
On the other hand, from ∂πθ = 0, it follows that iπ∂θ = 0 since ∂πθ = [∂, iπ]θ = −iπ∂θ.
Therefore, ∂θ vanishes at those points where π does not vanish. By Proposition 7.1, π
is nonzero on a dense subset of CP1 × CP1. Thus, we have ∂θ = 0, which implies that
θ = ∂α for some α ∈ Ω0,0X since H1,0(CP1 × CP1) = 0. It follows that
0 = ∂θ + ∂πω = ∂∂α + ∂π∂β = ∂(−∂α − ∂πβ).
Since H0,1(CP1×CP1) = 0, we have ∂α+∂πβ = 0. Thus θ+ω = (∂−∂π)β from which
we conclude that H1(X, π) = 0.
By Evens-Lu-Weinstein duality, we have
H3(X, π) ∼= H1(X, π) = 0 and H4(X, π) ∼= H0(X, π) = 0.
Moreover, according to Theorem 4.5,
χKB(X, π) = χ(X) = χ(CP
1) + χ(CP1) = 4.
Thus we have H2(X, π) ∼= C4. This concludes the proof. 
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